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Electrostatic separation is a promising technique for separating a mix of plastics,
which can acquire different sign charges through triboelectrification. A particular appli-
cation of growing importance is the separation of plastics with o®erlapping densities
from a waste stream of electronic products. Particle charging, which plays an important
role in separation efficiency, has been the topic of much research. Howe®er, no system-
atic method has been proposed for design and optimization of the separation process
itself, a gap that this research seeks to fill. The aim is to compare se®eral design options
for free-fall electrostatic separators, taking into account the distribution of the particle
charge and initial position. Particle trajectory and reco®ery models are deri®ed under a
set of simplifying assumptions that are carefully analyzed. Optimization models are de-
®eloped that trade off the strength of the electric field with the size and number of stages
of the free-fall separator. Se®eral different configurations are optimized and compared

(under ®arious conditions mean ®alue and standard de®iation of particle charges, feed
)rate, and product prices . Finally, a general guide is proposed for selecting an appropri-

ate design.

Introduction

Recycling is an important component of environmental
protection, particularly for electronic products, where the re-
lease of toxics such as lead and mercury through incinerator
ash or landfill leachate is of concern. Engineering plastics
from a large fraction of electronic products are chosen as raw
materials for their specific properties, design flexibility, and
contribution to low manufacturing costs. It is the very fact of
their low cost that makes them economically unattractive to
recover, and, hence, provides incentive to synthesize low-cost
recovery processes from innovative unit operations. Electro-
static separation provides many advantages over other sepa-

Žration methods such as froth flotation and sink-float separa-
.tion �low energy consumption, a dry process, independence

of particle shape�and it is often simpler, cheaper, and eas-
ier to control than froth flotation and other wet-medium
techniques. Therefore, it is a very important separation oper-
ation whose design should be treated systematically to ex-
plore its full potential.

Correspondence concerning this article should be addressed to M. J. Realff.

When two different plastics come into contact and are sub-
sequently separated, electrons are transferred from one to
the other. Thus, different particles acquire opposite charges

Žand can be separated in a high voltage field usually 30�60
.kV . In general, particles with a higher dielectric constant are

charged positively against particles with a lower constant.
Table 1 shows the relative triboelectric charging sequence of
common plastics. It should be pointed out that the relative
positions of plastics in the sequence depend on the experi-
mental condition, hence the table is only for general refer-
ence. For further details about the basics of triboelectrifica-

Ž .tion, readers may refer to Lowell and Rose-Innes 1980 , In-
Ž . Ž .culet 1984 , Botsch and Kohnlechner 1997 , and Kwetkus¨

Ž .1998 .
Besides the electric properties of the materials, the tribo-

electric charging process can be influenced by many other
Ž .factors, such as the frequency of collision contact , humidity,

Ž .material ratios, and pretreatment. Kamptner et al. 1997
demonstrated several successful examples of using surfac-
tants. It has been shown that it is possible to change the
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Table 1. Triboelectric Series of Plastics

Material PUR POM PC PA ABS PS PE PP PET PVC PVDF

Series q y

Ž .Source: Stahl and Beier, 1997 .

Figure 1. Separation process.

charge sign of PE in the mixture of PVCrPErPS by surface
treatment, while the sign of PVC and PS charging remains
unchanged. Since the charging is affected by so many factors,
the charges carried by the particles are difficult to predict.

Ž .Lowell 1980 found that the standard deviation is about
one-third of the mean, even to the extent that wrong sign
charges are seen. It appears that a wide charge distribution
may be fundamental to insulator charging, and must be ac-
counted for in any design procedure.

Figure 1 shows the separation process. First a plastic mix is
charged in a charging device and then is fed to the separator,
which usually has several bins to collect the products and
middling. Due to the various factors we just mentioned that
might have influence on the charging process, it is reasonable
to assume that different types of plastic particles have normal
charge distributions with their respective mean and variance.

There are several methods of contacting particles together
to generate triboelectric charging. Commonly used devices are

Ž .an inclined rotating drum Inculet et al., 1998 , fluidized bed
Ž . Ž .Inculet et al., 1998 , cyclone Yanar and Kwetkus, 1995 , and

Ž .vibrating feeder Higashiyama et al., 1997 . For the separa-
tion process after charging, free-fall between two plates or a
rotating drum are the most common designs. The free-fall
design is simpler, eliminating moving parts. However, a rotat-
ing drum might be able to provide a higher throughput. Table

Ž2 summarizes the features single- or multistage, any condi-
tioning, free-fall or drum type, charging method, and the ma-

.terials of experiments that have been carried out and re-
ported in the open literature.

There are few articles that address the modeling and de-
Ž .sign of electrostatic separators. Vlad et al. 2000 modeled

Žthe behavior of charged conductive particles in plate-type a
.single inclined plate with particles sliding down electrostatic

separator. The detachment points of particles were simulated
and the detachment voltage at a fixed point was calculated

Ž .and verified by experiments. Mihailescu et al. 2000 demon-
strated a computer-assisted experimental design for optimiz-
ing the separation process. Most of the previous research on
modeling electrostatic separation processes focused on sin-
gle-particle behavior, instead of the overall separation effi-

Ž .ciency such as recoveries and grades of the products . A
model-based design and optimization procedure would be
helpful as a guide to the preliminary design, which could then
be verified by experiments. The aim of this article is to pre-
sent a systematic method that can be used to design and opti-
mize an electrostatic separator system. The system should

Ždistinguish among several design options single or two-stage,
.with or without recycle, and so on . For this purpose, unit

separation models for each design option were developed.
These were then used within the nonlinear optimization pro-
cedure to find optimized designs. The rest of the article is

Table 2. Summary of Literatures on Electrostatic Separation of Plastics

M. Stage Cond. FrD Charging Materials

Yanar and Kwetkus 1 stage No F Copper-lined PVCrPE
Ž .1995 cyclone

Ž .Botsch and Kohnlechner 3 stages No D Rotating drum Car dashboards ABS-PCr PVC ,¨
Ž . Ž .1997 2 stages bottles PETrPVC

Ž .Kamptner et al. 2 stages Yes F Vibratory feeder, Cable PVCrEPDMrPE ,
Ž .1997 mixing drum, PVCrPErPS, PVCrPET

fluidized bed

Stahl Multiple Yes F Unknown PP-EPDMrPA, PVDFracetal,
Ž . Ž .1997 cable plastics PVCrEPDMrVPE ,

Ž .bottles PETrPVC

Inculet 1 stage No F Fluidized bed, PVCrPET, PPrHDPE
Ž .1998 rotating tube

Ž .Xiao Multiple No F Rotating drum ASR PPrPE , ESR, refrigerators
Ž . Ž . Ž .1999 ABSrHIPS , Bottles PCrPVC

M. Stage: multistage; Cond.: conditioning; FrD: free-fall or drum.
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Figure 2. A free-fall electrostatic separator.

organized as follows: in the next section, we develop the tra-
jectory model for free-fall electrostatic separators; in the third
section, we first present four design options and then develop
a recovery model for each design; in the fourth section, four
designs are optimized and compared, and the fifth section
concludes the article.

A Trajectory Model of Free-Fall Electrostatic
Separators

A free-fall electrostatic separator is shown in Figure 2. The
two plates, with feed gap d, end gap d , and length L, are2
inclined at angle � and charged at constant voltage �V. Par-
ticles enter the electrical field from a feeder with feeding gap
2 a, hence the initial position of a particle is a random vari-

Ž .able with uniform distribution U ya, a . Three collection
Žbins two side bins for the products and one middle bin for

.the middling are placed at the bottom with the separating
positions b and b as indicated in the figure. First, we de-1 2
scribe the assumptions that have been used to develop the
trajectory model.

Assumptions
Ž . Ž .1 Pairwise particle�particle interaction Coulomb force

is negligible. This is supported by the following quick calcula-
Ž .tion: for two particles with the same diameter 5 mm and the

Ž . Ž 5 .same charge 7.2 ey10 C in an electrical field 4�10 Vrm ,
the pairwise particle�particle interaction is 1.35 �N, which is
insignificant compared to the average electrostatic force of
288 �N.
Ž .2 Air drag force is negligible. For a spherical particle with

density 1,100 kgrm3 and dia. 5 mm in the air with density 1.2

kgrm3 and viscosity 1.8ey5 Pa � s, a numerical calculation
showed that the differences of the time for particles to hit
the bottom with or without drag force is only 0.015 s, which
generates a difference in the particle horizontal position at
the bottom of only 0.3 cm. For flat pieces, with a length-to-
width ratio less than 2.0, the drag coefficient in the turbulent
region is approximately 1.15 and the difference in the hori-
zontal position is less than 2.4 cm, which is also not large
enough to generate significant error. Therefore, this assump-
tion is justified.
Ž .3 Interparticle collisions are negligible. A simple Monte

Carlo simulation showed that the interparticle collisions have
insignificant influence on the recoveries. First, the average
number of particles in the separator was computed based on
the mass-flow rate and the residence time of particles in the
separator. These stationary particles were uniformly dis-
tributed and placed at the center of each cell. One positive
particle with random charge and initial position was allowed
to fall and move toward the right-side bin. 20,000 such sam-
ples were generated, and the procedure was repeated 10
times. If during its travel, the perpendicular distance of any
stationary particle to the trajectory of the moving particle was
less than 1.1 of the particle diameter, there was a collision
and the position was recorded. It turned out that, for a mass

Žflow rate of 1,000 kgrh, mean particle charge mass-to-charge
.ratio of 3.0 �Crkg, and a standard deviation of 0.4, there

were an average of 19,158 collisions. However, most of them
are ineffective with regard to changing the final classification
of the particles for the following reasons:
Ž .a There are an average of 1,348 collisions in region I

Ž .space above the left-side bin , which are negligible because
the positive moving particle has very small velocity, so the
collision has little effect on its trajectory.
Ž .b There are an average of 11,247 collisions in region III

Ž .space above the right-side bin , which are mostly negligible
because the positive particle collides mostly with another
positive particle, which does not change the classification of
both particles.
Ž .c There are an average of 6,563 collisions in region II

Ž .space above the middle bin . Assume half of the collisions
are between a positive particle and a positive particle, and
the other half between a positive particle and a negative par-
ticle. Again, the collisions between two positive particles do
not change their final classifications. Assuming an elastic
collision between a positive particle and a negative particle,
the positive moving particle absorbed the velocity of the neg-
ative particle after collision. The simulation showed that on
average only 1,083 changed the classification of the positive

Žparticle from the right-side bin to the middle or even the
.left-side bin .

Ž .Therefore, only 5.6% 1,083r19,158 of the total collisions
affects the recoveries. The percentage is reduced as the flow
rate decreases and mean charge increases. This simulation
ignores the real particle distribution in the separator and the
effect of collisions on this distribution, and, thus, represents
a first-order attempt to characterize the effect of the colli-
sions.
Ž .4 Plate inner walls are inelastic, hence particles drop to

the side bins after impinging against the walls. This assump-
tion is supported by industrial practice. Some industrial de-
signs used box electrodes consisting of a perforated plate and
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Ž .a solid back plate Yan et al., 2001 or parallel tubular elec-
Ž .trodes Norbert and Ingo, 1997 , so that the particles can pass

through after reaching the walls.
Ž .5 Edge effects of the electrical field are negligible, which

implies that the plate width and length are both sufficiently
large to confine fringing effects to a small portion of the sep-
aration.
Ž .6 The plate height is much longer than the plate gap, that

is, L �cos � � d.
Ž .7 The total charge on the particles is negligible, that is,

the presence of the particles does not change the electric field.
This is supported by the calculations of assumption 1.

Since the air drag force is negligible, the separation pro-
cess is independent of particle size and shape, with the gravi-
tational and electrostatic forces both proportional to the par-
ticle mass. The preceding assumptions enable a reasonably
simple, analytical model of the particle trajectory to be de-
rived and used in a design model. The translation of the sin-
gle-particle trajectory model into a recovery model is carried
out through a probabilistic argument based on the random
variables of particle charge and initial position.

Model deri©ation
The potential is related to the charge density by Poisson’s

equation

�c2� �sy 1Ž .
�0

and the electric field is related to the electric potential as
follows

Esy�� 2Ž .

Based on assumption 7, in a charge-free region between two
plates, Eq. 1 becomes the Laplace equation in the two-di-

Ž .mensional 2-D space

	 2� 	 2�
q s0 3Ž .2 2	 x 	 y

By assumption 6, the second term of the preceding equation
can be dropped, since it is much smaller than the first term
and the model is simplified to an ODE

d2�rdx2s0 4Ž .

Ž . Ž .After scaling xs xr L cos � ys yr L cos � and defining 
˜ ˜
Ž .sdr L cos � , which is the ratio of feed gap to plate height,

the plate positions were determined as


 

x sy y 1y y tan � , x s q 1y y tan � 5Ž . Ž . Ž .˜ ˜ ˜ ˜L R2 2

So, the boundary values to Eq. 4 are

� �� sy1 and � s1 6Ž .˜ ˜xsx xsx˜ ˜ ˜ ˜R L

The solution to Eqs. 4 and 6 is

y x̃
�s 7Ž .˜ 


q 1y y tan �Ž .˜
2

and

	� 1˜
Ẽ sy s 8Ž .x 
	 x̃ q 1y y tan �Ž .˜

2

˜In the x-direction, by Newton’s second Law and scaling ts
'tr 2 L cos �rg , we have

° 2d x 2 A˜
s2 2~ ˜ ˜ 9dt 1qBt Ž .

�¢ � �x s x and x s0˜ ˜ ˜˜ ˜ts0 ts00

T here are tw o dim ensionless param eters: A s
ŽŽ . . Ž .2Vrd q r mg , which is the ratio of electrostatic force to
the gravitational force, and Bs2tan �r
 , which is the ratio

Ž .of the gap increment equals 0 for two parallel plates at the
Ž 2.˜bottom to the feed gap. The term 1r 1qBt represents the

ratio of the feed gap to the gap at the particle position. The
solution to Eq. 9 is

A
2'' '˜ ˜ ˜xs x q2 B tarctan B tyln 1qBt 10Ž .˜ 0̃ B

˜ 'Since ts 1y y , the particle trajectory is˜

A ' ' 'xs x q2 B 1y y arctan B 1y y yln 1qB 1y yŽ . Ž . Ž .˜ ˜ ˜ ˜ ˜0 B
11Ž .

and the particle position at the bottom is

A ' ' 'xs x q2 B arctan B yln 1qB 12Ž .˜ 0̃ B

Ž .For two parallel plates �s0 and Bs0 , the particle trajec-
tory is

xs x q A 1y y 13Ž . Ž .˜ ˜ ˜0

and the particle position at the bottom is

xs x q A 14Ž .˜ 0̃

Now that we have the equation for particle position at the
bottom as a function of the initial position, particle charge,
and electrostatic design variables, we are ready to derive the
recovery model, which is presented in the next section.
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Figure 3. Four design options.

The Recovery Model of the One-Stage and
Two-Stage Free-Fall Electrostatic Separators

One of the objectives of this article is to compare the fol-
Ž .lowing design options Figure 3 :

Ž .a One-stage without recycle;
Ž . Žb One-stage with recycle middling is sent back to the

.charging device and recharged ;
Ž . Žc Two-stage with recharge middling of the first stage is

.sent to the second stage after recharging ;
Ž . Žd Two-stage without recharge middling of the first stage

.is sent to the second stage for separation directly .
Recovery models need to be derived for this purpose. The

problem is stated as: Given a separator, the particle charge
distribution and the distribution of the entering position, what
would be the recovery of each type of particle in each bin?
The particle charge-to-mass ratio q is assumed to be nor-m
mally distributed with mean � and standard deviation � , and
the particle entering position x is assumed to be uniformly0

Ž .distributed within ya, a . Once the recovery model for op-
Ž . Ž . Ž .tion a is derived, the derivation for option b or c is

Ž .straightforward, assuming for option b that the recycled
portion has the same distribution as the fresh feed after

Ž .recharging and for option c that the feed to the second stage
has the same distribution as the feed to the first stage. How-

Figure 4. Probability of one random variable less than a
function of another random variable.

Ž .ever, for option d , the model is more complicated, because
the feed to the second stage has different distribution from
the feed to the first stage. Next, we derive the recovery mod-

Ž . Ž .els for designs a and d .

The reco©ery model for design a
The recovery of any type of particles to the left-side bin

equals the probability of the particle position at the bottom
� 4being less than b , that is, Pr x� b , which is a function of1 1

the initial position by Eq. 12

2Vq ' ' 'Pr x q B arctan B yln 1qB � b 15Ž .0 1½ 5mg tan�

Define

1°
, � �02V ' ' 'B arctan B yln 1qB~ g tan�Ms 16Ž .

gd
�s0¢

2VL

and note that M is always nonnegative, then Eq. 15 can be
written as

r sPr q � b y x M 17� 4 Ž .Ž .1 m 1 0

Similarly, the recovery of any type of particle to the right-side
bin equals the probability of the particle position at the bot-
tom being greater than b , that is2

r sPr q � b y x M 18� 4 Ž .Ž .2 m 2 0

Ž . Ž .Note that q , b y x , and b y x are all random vari-m 1 0 2 0
Žables, and that we need only examine the case for q � b ym 1

.x M, since the other case can be found by subtraction. As-0
suming the particle charge to mass ratio is normally dis-
tributed with mean � and standard deviation � , and the dis-

Ž .placement b y x is uniformly distributed from b ya to1 0 1
b qa, we have1

Zsq � N � ,� and Ys b y x �U b ya,b qaŽ . Ž . Ž .m 1 0 1 1

19Ž .

From Figure 4, the probability can be computed as

b q a yM1Pr Z�YM sF M s f y , z dz dy 20Ž . Ž . Ž . Ž .H H yz
b y a y�1

where f is the joint probability density function of Z andyz
Y, which is simply the product of their respective probability
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Table 3. Conditions for the Nine Cases

t t t t1 2 3 4

Ž .Case a q q y y
Ž .Case b q y y y
Ž .Case c y y y y
Ž .Case d q q q y
Ž .Case e q y q y
Ž .Case f y y q -
Ž .Case g q q q q
Ž .Case h q y q q
Ž .Case i y y q q

density functions, since they are independent

1 1 2y1r2ŽŽ zy� .r� .f s , f s e andy z '2 a 2
 �

1 2y1r2ŽŽ zy� .r� .f s e 21Ž .yz '2 2
 a�

The integral gives:
the recovery to the left-side bin

1 � g y� gŽ . Ž .2 1
r s q 22Ž .1,l 2 2 g y gŽ .2 1

the recovery to the right-side bin

1 � g y� gŽ . Ž .4 3
r s y 23Ž .1,r 2 2 g y gŽ .4 3

the recovery to the middle bin

� g y� g y� g q� gŽ . Ž . Ž . Ž .4 3 2 1
r s 24Ž .1,m 2 g y gŽ .2 1

where

M b ya y� M b qa y�Ž . Ž .1 1
g s g s1 2' '2 � 2 �

M b ya y� M b qa y�Ž . Ž .2 2
g s g s 25Ž .3 4' '2 � 2 �

and

2yx '� x s x � erf x q e r 
 26Ž . Ž . Ž .`

( )The reco©ery model for design d
The derivation for this part is lengthy, so we only show the

important results in this section and readers are welcome to
contact the authors for a detailed derivation.

Before applying Eq. 20 to the second stage, the particle
charge distribution of the middling from the first stage is de-
rived as follows

2y1r2ŽŽZy� .r� .ZrM y b ya ZrM y b ya eŽ . Ž .1 1 1 2
min max ,0 ,1 ymin max ,0 ,1½ 5ž / ž / 'b qa y b ya b qa y b yaŽ . Ž . Ž . Ž . 2
 �1 1 2 2

27Ž .
r1,m

where r is the recovery to the middle bin at the first stage1,m
Ž .Eq. 24 .

Now let the second stage feeder width be 2c and the col-
lection bin positions be d and d . Let Z represent the dis-1 2
tribution by Eq. 27 and Y is the uniform distribution within
Ž .d yc, d qc . Depending on how the line ZsYM inter-1 1 2
sects with three different density regions, there are nine cases
Ž .refer to Table 3 . For the first case, we have the following
recovery models

the recovery to the left-side bin

g y g � h y� h y h yh � g y� gw xw x� 4Ž . Ž . Ž .Ž . Ž . Ž .3 1 2 1 2 1 3 1

2 g y g h yh rŽ .Ž .2 1 2 1 1,m

28Ž .

the recovery to the right-side bin

g y g � h y� h y h yh � g y� gw xw xŽ . Ž . Ž .Ž . Ž . Ž .3 1 4 3 4 3 3 1
1y

s g y g h yh rŽ .Ž .4 3 4 3 1,m

29Ž .

where, h is defined as below

M d yc y� M d qc y�Ž . Ž .2 1 2 1
h s h s1 2' '2 � 2 �

M d yc y� M d qc y�Ž . Ž .2 2 2 2
h s h s 30Ž .3 4' '2 � 2 �

The complete recovery model for the second stage is shown
in Table 4.

Optimizing the Designs and Operations
For the design of electrostatic separators, the degrees of

freedom are:
Ž . Ž .1 Plate length: L m ;
Ž . Ž .2 Feed gap between plates: d m ;
Ž .3 Plate angle: � ;
Ž . Ž .4 Feeder opening: 2 a m ;
Ž . Ž .5 Collection-bin positions: b and b m ;1 2
Ž . Ž .6 Voltage: V V ;
Ž . Ž .7 Plate width: W m ;
Ž . Ž Ž . .8 Recycle rate: R between 0 and 1, for design b only .

ŽThe complete optimization model for one-stage no recy-
.cle separators is shown in Table 5. The cost models and the

Žcapacity constraint were developed from industrial data Yan,
.Outokumpu Technology Inc., personal communication . For

the objective function that is the maximization of the total
profit, the first term is the revenue from selling recycled
products, the second term represents the annual unit capital
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Table 4. The Recovery Models for the Second Stage�

�Ž . w Ž . Ž .x Ž . w Ž . Ž .x4g y g � h y� h y h yh � g y� g3 1 2 1 2 1 3 1Ž .Case a
Ž .Ž .2 g y g h yh r2 1 2 1 1,m

Ž̀ . Ž .erf h yerf g1 3Ž . Ž . Ž . Ž . Ž . Ž .g y g � h q h yh � g q g y� h yh � g q3 1 2 2 1 1 1 1 2 3½ 52
Ž .Case b

Ž .Ž .2 g y g h yh r2 1 2 1 1,m
Ž . Ž .erf g yerf g1 3Ž . Ž . w Ž . Ž .xg y g � h qh � g y� g q3 1 2 2 1 3½ 52

Ž .Case c
Ž .Ž .2 g y g h yh r2 1 2 1 1,m

Ž . Ž .erf h yerf g2 2Ž . w Ž . Ž .x Ž . w Ž . Ž .x Ž . Ž .g y g � h y� h y h yh � g y� g q g � h yh � g q3 1 2 1 2 1 3 1 2 2 2 2 2
Ž .Case d

Ž .Ž .2 g y g h yh r2 1 2 1 1,m
Ž . Ž . Ž . Ž .erf h yerf g yerf g qerf h1 2 3 2Ž . Ž . Ž . Ž . Ž . Ž .g � h yh � g q g � h yh � g q h yh � g q1 1 2 3 4 2 2 2 2 1 1 2Ž .Case e

Ž .Ž .2 g y g h yh r2 1 2 1 1,m
Ž . Ž . Ž . Ž .erf g yerf g yerf g qerf h1 2 3 2Ž . Ž . Ž . Ž .h � g yh � g q g � h yh � g q2 1 2 3 4 2 2 2 2Ž .Case f

Ž .Ž .2 g y g h yh r2 1 2 1 1,m
Ž . Ž .erf g yerf g2 4w Ž . Ž . Ž . Ž .x w Ž . Ž . Ž . Ž .xh � g y� g y� g q� g q h � g y g � h q g � h yh � g y2 1 2 3 4 1 3 3 1 1 1 1 1 2Ž .Case g

Ž .Ž .2 g y g h yh r2 1 2 1 1,m
Ž . Ž . Ž . Ž .erf h yerf g yerf g qerf g1 2 3 4w Ž . Ž . Ž . Ž .x w Ž . Ž .xh � g y� g y� g q� g q g � h yh � g q2 1 2 3 4 1 1 1 1 2Ž .Case h

Ž .Ž .2 g y g h yh r2 1 2 1 1,m
Ž . Ž . Ž . Ž .erf g yerf g yerf g qerf g1 2 3 4w Ž . Ž . Ž . Ž .xh � g y� g y� g q� g q2 1 2 3 4 2Ž .Case i

Ž .Ž .2 g y g h yh r2 1 2 1 1,m

�Left-side bin.

( )Table 5. Model for Optimizing One-Stage No Recycle Separators

Objecti®e
1

A A A B B B 0.6 2w Ž .x w Ž . x w Ž .xmax C F s f r q s f r y C qC � WL y C �C �C � WLV0 0 0 1 0 2 1 2 0 4 3Depn

Constraints
1. Recovery model: Eqs. 22 and 23
2. Product purity requirement: G0.995

Ž .3. Upper bound on capacity F : F F5215.8 Wd y1055.80 0
4. Design specifications:

�Plate length: 0.9FLF2
�Plate gap: dG0.3
�Plate angle: 0F� F15�
�Plate width: 0.6FW F1.5
�Ratio of gap to length: dFLr3
�Voltage: V F80 kV

Notation
Ž .F Feed rate kgrh0

A Bf , f Initial fraction of type A and B plastics in the feed0 0
A Bs , s Prices of two types of plastics
A Br , r Recoveries of type A and B particles to left and right bins, respectively1 2

C Coefficient used to convert the units from hour to year. In this case, it is 1600,0
based on 8 hrrday and 200 daysryr

Ž .C Fixed investment cost of the unit s$26,0601
Ž .C Coefficient for the variable design cost s$73,6902

Ž .C Coefficient for energy consumption s4ey93
Ž .C Electricity price s$0.06rkWh4

Ž .Depn Number of years depreciation s5 yr
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cost, which is assumed to be a function of plate area LW,
Ž .and the third term is the operating cost energy consumption ,

Ž .which is a function of plate area LW and the voltage, V.
ŽFor the third constraint, it is assumed that each slice with

.width �W and gap �d of the separator has constant capac-
ity. Therefore, the linear relationship of the flow rate and the

Ž .feed area Wd of the separator was developed.
It is easy to modify the model in Table 5 for the other

Ž .design options. For design b , the feed rate F is replaced by0
the sum of the fresh feed rate and the flow rate in the recy-
cle, which is the product of the recycle rate and the middling

Ž .rate. For design c , the unit capital cost and operating cost
are the sum of two separators, respectively; the feed flow rate
and composition for the second separator are the same as
those in the middling of the first stage, respectively; the charge
distribution of the feed to the second stage is the same as

Ž .that in the first stage. For design d , the objective function is
Ž .the same as in option c , except that there is no cost for the

charging device for the second stage. The recovery model for
various scenarios is shown in Table 4 and the feed flow rate,
composition and charge distribution are the same as those in
the middling of the first stage.

The preceding models were optimized using AMPL, which
is a mathematical programming language developed by

Ž .Fourer et al. 1993 and SNOPT 5.3.4, which is a nonlinear
Ž .optimization solver developed by Gill et al. 1997 under vari-

ous feed flow rates, charge mean values, and standard devia-
tions. The initial feed ratio was chosen to be 50r50, and the
two types of particles are assumed to have the same absolute
value of charge mean and the same standard deviation. Dif-
ferent design options are compared and analyzed below.

Parallel ©s. di©erging plates
For the various conditions considered in this article, a par-

Žallel-plate design is always better than the diverging one that
.is, angle �s0 , since the latter has a weaker electrical field

and there are no compensating advantages. However, some
industrial designs do use diverging plates to alleviate the re-
bound of particles after they collide with the walls. The issue
was neglected in this article by assuming the walls were in-
elastic. Since the angle is usually small in these industrial de-
signs, the angle should not have any influence on the follow-
ing comparisons of various design options.

(Influence of particle mean charge the unit is �Crrrrrkg for
)all figures below and standard de©iation on design choices

( ) ( )1. Design a ®s. Design b . The profit ratio is a normal-
ized objective value that is defined as the ratio of the objec-
tive value of the design to that of the reference design indi-
cated in the captions of Figures 5�8. From Figure 5a, the
difference is small when the standard deviation is small or
high; however, recycling becomes preferable when the stan-
dard deviation is in a moderate range. The difference is small
at low standard deviation because the recovery is good and
the amount in the recycle is too small to make any significant
difference; the difference is small at high standard deviation
because the particles in the middling are not separable, hence,
recycling does not help to improve the overall recovery. The
product prices and feed flow rate do not have much influence
on the preceding conclusion. From Figure 5b, the recycle rate

( ) ( ) ( )Figure 5. a Comparison of design option a and b at
feed flow rate 1,000 kg/////h and product prices

[ ( )0.4/////0.4 $/////kg the reference design is design b
at mean charge 3.5 �C/////kg and standard devi-

] ( )ation 0.4 ; b effect of charge mean and stan-
dard deviation on the recycle rate at the same

( )condition as in part a .

is one when the standard deviation is small and then de-
creases with the standard deviation; as the mean charge in-
creases, the range of the standard deviation at which the re-
cycle rate is one is larger. The recycle rate decreases because
the particles in the recycle become more inseparable and the
amount of the middling is larger due to the increased num-
ber of particles with overlapping charges.

December 2003 Vol. 49, No. 12AIChE Journal 3145



( ) ( )2. Design a ®s. Design d . From Figure 6a, one-stage
separation is always better than two-stage separation, since
the revenue from recovering more particles by adding one
more stage is not high enough to cover the cost of the second
stage. As the mean charge increases, the objective value is
more robust to the variation of the standard deviation of

Ž .charges curve becomes flatter . Initially, two-stage separa-
tion results are the same as one-stage separation because one
stage is enough to recover all particles. As the standard devi-

ation of particle charge increases, there is a transition point,
where one stage is not enough to recover all particles, and
the second stage starts to take effect.

Figure 6b represents a higher feed flow rate. Two-stage
separation may be better than one-stage separation at a mod-
erate standard deviation of particle charges. At mean charge
2.0 �Crkg, two-stage separation is better than one-stage sep-
aration for a standard deviation of particle charge between

Ž .0.7 and 1.2. The first standard deviation value 0.7 repre-
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(Figure 7. Comparison of two-stage separations no
)recharge vs. recharge at feed flow rate 1,000

[kg/////h and product prices 0.4/////0.4 $/////kg the ref-
erence design is the objective value of design
( )c at mean charge 3.5 �C/////kg and standard

]deviation 0.4 .

sents a transition at which the revenue from recovered plas-
tics from the second stage just covers the cost of the second
stage. At standard deviations lower than this value, the one-
stage separation is better than two-stage separation because
one-stage can provide enough recovery so the cost of the sec-
ond stage exceeds the added revenue. The second standard

Ž .deviation value 1.2 represents another transition at which
the recovery at the second stage becomes poor, and again the
revenue from recovered plastics just balances the cost of the
second stage. At standard deviations higher than this value,
one-stage separation is better than two-stage separation be-
cause particles fed to the second stage are almost insepara-
ble, so additional stages do not help to improve the overall
recovery. As the mean charge increases, the transition points
shift toward higher standard deviation values.

By comparing the fraction of the product rate recovered by
Ž .each stage of design d , the relative contribution of each stage

to the overall recovery can be seen. From Figure 6c, at high
Ž .standard deviation of particle charge �1.5 , the second stage

recovers more particles than the first stage does. At the sec-
ond stage, with the same voltage, the plates are generally
longer or more narrowly separated than the first stage, which
means a stronger electrical field and longer separation time.
This explains why the second stage is able to separate parti-
cles from the middling of the first stage without recharging
them.

( ) ( )3. Design c ®s. Design d . From Figure 7, the two design
options provide similar results at low standard deviation. If
the charging process is expensive, the two-stage separation
without recharging is preferable. As the standard deviation
increases, the second stage without recharging is not of much
help in separating the particles, so two-stage separation with

recharging is better. Therefore, recharging is preferable only
at a high standard deviation. The product prices and feed
flow rate do not have much influence on this conclusion.

A simple guide to the selection of designs under a different
particle mean charge and standard de©iation

As a summary for the preceding comparisons, Figure 8
provides a general guide for selecting an appropriate design
Ž .at high feed flow rate or product prices under various val-
ues of charge mean and standard deviation. The two-dimen-

Ž .sional 2-D space is divided into four regions. In region A,
where the standard deviation of the charge is very low, the

Ž .four designs provide similar results, but design a is the least
expensive one. In region B, where the standard deviation of
particle charge is moderately low, recycling becomes helpful
to improve the recovery. In region C, where the standard de-
viation is moderate, two-stage separations are better than

Ž .one-stage separation without recycle , but one-stage separa-
tion with recycle is still the best one. In region D, due to the
high standard deviation, recycling is not as efficient as adding

Ž .a second stage with recharging, therefore design c is the
best one. If the flow rate and product prices are both low,
two-stage separations should not be used, and recycling
should be used if the standard deviation of particle charges is
moderate.

Conclusions
In this article, a general design methodology is presented

for free-fall electrostatic separators. First, a trajectory model
was derived so that the final position of particles at arbitrary
starting location and with arbitrary charge can be computed.

Figure 8. Selection guide for choosing an appropriate
design.

Ž . Ž . Ž . Ž . Ž . Ž . Ž .Region A: a f b f c f d ; Region B: b � c f d f
Ž . Ž . Ž . Ž . Ž . Ž . Ž .a ; Region C: b � c � d � a ; Region D: c � b �
Ž . Ž .a � d .
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Second, the recovery models for four design options were de-
rived based on probability theory. Finally, optimization mod-
els with the objective of maximizing the total profit were pro-
posed and the designs were optimized and compared under
various flow rates, charge mean values, and standard devia-
tions. Therefore, the models proposed in this article can be
used to optimize this class of separators and derive informa-
tion about the separator size, operating conditions such as
the voltage and feed flow rate, and also whether recycling or

Ž .a second stage with or without recharging is helpful.
It was found that a second stage is preferable at high feed

flow rate or product prices, and that recharging is helpful if
the standard deviation of particle charge is not small. At low
feed rate or product prices, recycling is preferable at moder-
ate standard deviation. As a summary, a simple guide for se-
lecting an appropriate design was given.

Although this article is based on free-fall separators, the
effect of charge mean and standard deviation on the choice
of a different design also may be applicable to the drumtype

Žseparators, except that the critical values for low, moderate,
.and high values of charge mean and standard deviation might

be different. In future research, the systematic approach
Ž .trajectory modeling and recovery modeling presented in this
article will be extended to other trajectory-based separation
processes for particles with different densities, sizes, conduc-

Žtivities and polarities, among others, in various fields electric
.or magnetic field, liquidrgas flow, and so on .
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Appendix: The Recovery Model of the Second
Stage

ŽSince there are three different density regions I, II, and
.III in Figure A1 , the recovery integral depends on how the

line ZsYM intersects the regions. In Figure A1, the three2
density regions are defined by the Y-values from d yc to1

Ž . Žd qc and Z-values in region I from M b ya to M b y1 1 1 1 2
. Ž . Ž .a , region II from M b ya to M b qa , and region III1 2 1 1

Ž . Ž .from M b qa to M b qa , respectively. The integral for1 1 1 2
the recovery to the left bin covers the density area at the
lefthand side of the line ZsYM . The intersection points of2
the line ZsYM with the top and bottom boundary of the2

Ž Ž . . Ž Ž .regions have the values M d yc , d yc and M d qc ,2 1 1 2 1
.d qc . The left intersection point can be on the bottom1

boundary of region II, on the bottom boundary of region I or
on the left boundary of region I. Similarly, the right intersec-
tion point can be on the top boundary of region II, on the top
boundary of region III or on the right boundary of region III.

ŽTherefore, there are nine scenarios that is, a combination of
.above 3-by-3 cases . We define t as the difference in the1

Z-values of the left intersection point and the left boundary
of region I, t as the difference in the Z-values of the left2
intersection point and the left boundary of region II, t as3
the difference in the Z-values of the right intersection point
and the right boundary of region II, and t as the difference4

Figure A1. Intersection of the line Z =YM and the three2
density regions.
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in the Z-values of the right intersection point and the right
boundary of region III. So, we have the following formulas

t sM d yc yM b yaŽ . Ž .1 2 1 1 1

t sM d yc yM b yaŽ . Ž .2 2 1 1 2

t sM d qc yM b qaŽ . Ž .3 2 1 1 1

t sM d qc yM b qa A1Ž .Ž . Ž .4 2 1 1 2

The signs of the t values can be used to describe the condi-
Ž .tions for the nine cases see Table 3 . For example, positive

t and t and negative t and t represent the case where the1 2 3 4
two intersection points are on the bottom and top boundaries

Ž Ž .. Žof region II, respectively case a . Similar conditions differ-
ent definitions for t , t , t , t ; just replace d qc with d qc1 2 3 4 1 2

.and d yc with d yc can be constructed for the right-side1 2
bin.

Manuscript recei®ed Aug. 30, 2002, and re®ision recei®ed Apr. 22, 2003.

December 2003 Vol. 49, No. 12AIChE Journal 3149


